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Introduction

Introduction

I Model features
I Sticky nominal price and wage
I Consumption habit
I Investment adjustment cost
I Variable capital utilization
I Fixed cost in production
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Model Environment

Framework

I Household
I Consume, save, labor supply, invest, capital use

I Intermediate goods producers
I Produce intermediate goods, set price

I Final goods producers
I Produce final goods

I Labor unions
I Produce intermediate labor, set wage

I Labor packers
I Produce final labor

I Government
I Monetary policy, tax, (exogenous) spending
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Model Environment

Final Goods Producers

I Profit maximization

max
Yt,Yi,t

PtYt −
∫ 1

0
Pi,tYi,tdi

s.t.

∫ 1

0
G

(
Yi,t
Yt

; εpt

)
di = 1 (1)

I Price mark-up shock

εpt = ρpε
p
t−1 + ηpt − µpη

p
t−1; ηpt ∼ N(0, σ2

p)
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Model Environment

Intermediate Goods Producers

I Cost minimization
min

Ks
i,t,Li,t

WtLi,t +RktK
s
i,t

s.t. Yi,t = eε
a
t (Ks

i,t)
α(γtLi,t)

1−α − γtΦ (2)

I Total factor productivity shock

εat = ρaε
a
t−1 + ηat ; ηat ∼ N(0, σ2

a)

I Price setting

max
P̃i,t

Et

∞∑
s=0

ξsp
βsΞt+sPt
ΞtPt+s

[P̃i,tX
p
t,s −MCt+s]Yi,t+s

s.t. Yi,t+s = Yt+sG
′−1

(
P̃i,tX

p
t,s

Pt+s
τpt+s

)
where

Xp
t,s =

{
1 for s = 0∏s
l=1(π

ιp
t+l−1π

1−ιp) for s = 1, . . . ,∞

and

τpt+s =

∫ 1

0
G′
(
Yi,t+s
Yt+s

; εpt+s

)
Yi,t+s
Yt+s

di
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Model Environment

Household

I Utility maximization

max
Ct,It,Bt,Zt,L̄t

Et

∞∑
s=0

βs
[

1

1− σc
(Ct+s − λC̄t+s−1)1−σc

]
e
σc−1
1+σl

L̄
1+σl
t+s

s.t. Ct+s + It+s +
Bt+s

eε
b
t+sRt+sPt+s

+ Tt+s ≤
Bt+s−1

Pt+s
+
W h
t+sL̄t+s
Pt+s

+
Rkt+sZt+sKt+s−1

Pt+s

(3)

− a(Zt+s)Kt+s−1 +
Divt+s
Pt+s

Kt+s = (1− δ)Kt+s−1 + eε
i
t+s

[
1− S

(
It+s
It+s−1

)]
It+s (4)

where
Ks
t+s = Zt+sKt+s−1 (5)

and

L̄t+s =

∫ 1

0
Ll,t+sdl

I Risk premium shock
εbt = ρbε

b
t−1 + ηbt ; ηbt ∼ N(0, σ2

b )

I Investment-specific technology shock

εit = ρiε
i
t−1 + ηit; ηit ∼ N(0, σ2

i )
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Model Environment

Labor Sector

I Labor packers (final labor provider)

max
Lt,Ll,t

WtLt −
∫ 1

0
Wl,tLl,tdl

s.t.

∫ 1

0
H

(
Ll,t
Lt

; εwt

)
dl = 1

I Wage mark-up shock

εwt = ρwε
w
t−1 + ηwt − µwηwt−1; ηwt ∼ N(0, σ2

w)

I Labor unions (intermediate labor provider)

max
W̃l,t

Et

∞∑
s=0

ξsw
βsΞt+sPt
ΞtPt+s

[W̃l,tX
w
t,s −W h

t+s]Ll,t+s

s.t. Ll,t+s = Lt+sH
′−1

(
W̃l,tX

w
t,s

Wt+s

∫ 1

0
H ′
(
Ll,t+s
Lt+s

; εwt+s

)
Ll,t+s
Lt+s

dl

)
where

Xw
t,s =

{
1 for s = 0∏s
l=1(γπιwt+l−1π

1−ιw) for s = 1, . . . ,∞
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Model Environment

Government

I Monetary policy

Rt
R

=

(
Rt−1

R

)ρ [(πt
π

)rπ ( Yt
Y p
t

)ry]1−ρ(
Yt/Yt−1

Y p
t /Y

p
t−1

)r∆y
eε
r
t (6)

where Y p
t is potential output (output under flexible prices and wages in the

absence of the two “mark-up” shocks).
I Monetary policy shock

εrt = ρrε
r
t−1 + ηrt ; ηrt ∼ N(0, σ2

r )

I Government budget

PtGt +Bt−1 = Tt +
Bt
Rt

where
Gt = eε

g
t gyyγ

t

I Exogenous spending shock

εgt = ρgε
g
t−1 + ηgt + ρgaη

a
t ; ηgt ∼ N(0, σ2

g)
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Model Equilibrium

Final Goods Producers

I F.O.C.

Yi,t = YtG
′−1

[
Pi,t
Pt

∫ 1

0
G′
(
Yj,t
Yt

; εpt

)
Yj,t
Yt
dj

]
I Zero-profit condition

Pt =

∫ 1

0
Pi,tG

′−1

[
Pi,t
Pt

∫ 1

0
G′
(
Yj,t
Yt

; εpt

)
Yj,t
Yt
dj

]
di (7)
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Model Equilibrium

Intermediate Goods Producers

I F.O.C. for cost minimization

Ks
t =

α

1− α
Wt

Rkt
Lt (8)

I Marginal cost(Lagrangian multiplier for production function)

MCt =
Wt

(1− α)γ(1−α)teε
a
t (Ks

t /Lt)
α

=
W 1−α
t (Rkt )α

αα(1− α)1−αγ(1−α)teε
a
t

(9)

I F.O.C. for price setting

Et

∞∑
s=0

ξsp
βsΞt+sPt
ΞtPt+s

Yi,t+s(η
p
t+s(·)− 1)

[
P̃i,tX

p
t,s −

ηpt+s(·)
ηpt+s(·)− 1

MCt+s

]
= 0 (10)

where

ηpt+s

(
P̃i,tX

p
t,s

Pt+s
; εpt+s

)
≡ − 1

G′−1(·)
G′(·)
G′′(·)

I since P̃i,t is the same, from equation (7), final goods price is

Pt = (1− ξp)P̃tG′−1

[
P̃t
Pt
τpt

]
+ ξpπ

ιp
t−1π

1−ιpPt−1G
′−1

[
π
ιp
t−1π

1−ιpPt−1

Pt
τpt

]
(11)
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Model Equilibrium

Household

I F.O.C.

(∂Ct)Ξt = (Ct − λCt−1)−σce
σc−1
1+σl

L̄
1+σl
t (12)

(∂L̄t)
W h
t

Pt
= (Ct − λCt−1)L̄σlt (13)

(∂Bt)Ξt = βeε
b
tRtEt

[
Ξt+1

πt+1

]
(14)

(∂It)1 = Qte
εit

[
1− S

(
It
It−1

)
− S′

(
It
It−1

)
It
It−1

]
+ βEt

Ξt+1

Ξt

[
Qt+1eε

i
t+1S′

(
It+1

It

)(
It+1

It

)2
]

(15)

(∂Kt)Qt = βEt
Ξt+1

Ξt

[(
Rkt+1Zt+1

Pt+1
− a(Zt+1)

)
+Qt+1(1− δ)

]
(16)

(∂Zt)
Rkt
Pt

= a′(Zt) (17)

where Qt ≡ Ξkt
Ξt

, and Ξkt is Lagrangian multiplier for capital Kt.
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Model Equilibrium

Labor Sector

I Zero-profit condition for labor packers

Wt =

∫ 1

0
Wl,tH

′−1

[
Wl,t

Wt

∫ 1

0
H ′
(
Lj,t
Lt

; εwt

)
Lj,t
Lt

dj

]
dl (18)

I F.O.C. for labor unions

Et

∞∑
s=0

ξsw
βsΞt+sPt
ΞtPt+s

Ll,t+s(η
w
t+s(·)− 1)

[
W̃l,tX

w
t,s −

ηwt+s(·)
ηwt+s(·)− 1

W h
t+s

]
= 0 (19)

where

ηwt+s

(
W̃l,tX

w
t,s

Wt+s
; εwt+s

)
≡ − 1

H ′−1(·)
H ′(·)
H ′′(·)

I since W̃l,t is the same, from equation (18), final wage is

Wt = (1− ξw)W̃tH
′−1

[
W̃t

Wt
τwt

]
+ ξwγπ

ιw
t−1π

1−ιwWt−1H
′−1

[
γπιwt−1π

1−ιwWt−1

Wt
τwt

]
(20)

where

τwt ≡
∫ 1

0
H ′
(
Ll,t
Lt

; εwt

)
Ll,t
Lt

dl
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Model Equilibrium

Resource Constraint

I Resource Constraint

Ct + It +Gt + a(Zt)Kt−1 = Yt (21)
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Model Detrending

Detrending Notations

I Detrending notations

ct = Ct
γt p̃t = P̃t

Pt

it = It
γt rkt =

Rkt
Pt

yt = Yt
γt mct = MCt

Pt

yi,t =
Yi,t
γt wt = Wt

Ptγt

ypt =
Y pt
γt wht =

Wh
t

Ptγt

kst =
Ks
t
γt ζt = Ξtγ

σct

ksi,t =
Ks
i,t

γt

kt = Kt
γt
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Model Detrending

Final Goods Producers

I From equation (1), we get∫ 1

0
G

(
yi,t
yt

; εpt

)
di = 1 (22)

I From equation (11), we get

1 = (1− ξp)p̃tG′−1(p̃tτ
p
t ) + ξpπ

ιp
t−1π

1−ιpπ−1
t G′−1(π

ιp
t−1π

1−ιpπ−1
t τpt )

(23)
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Model Detrending

Intermediate Goods Producers

I From equation (2), we get

yi,t = eε
a
t (ksi,t)

α(Li,t)
1−α − Φ (24)

I From equation (8), we get

kst =
α

1− α
wt

rkt
Lt (25)

I From equation (9), we get

mct =
wt

(1− α)eε
a
t (kst /Lt)

α
=

w1−α
t (rkt )α

αα(1− α)1−αeε
a
t

(26)

I From equation (10) (divided by Pt), we get

Et

∞∑
s=0

ξspβ
sγ(1−σc)s ζt+s

ζt
yi,t+s(η

p
t+s(·)− 1)

[
p̃i,t

∏s
l=1 π

ιp
t+l−1π

1−ιp∏s
l=1 πt+l

−
ηpt+s(p̃i,t

∏s
l=1 π

ιp
t+l−1π

1−ιp∏s
l=1 πt+l

; εpt+s)

ηpt+s(·)− 1
mct+s

 = 0 (27)
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Model Detrending

Household

I From equation (4), we get

kt =
(1− δ)
γ

kt−1 + eε
i
t

[
1− S(

itγ

it−1
)

]
it (28)

I From equation (5), we get

kst =
Ztkt−1

γ
(29)

I From equations (12) to (17),

ζt = (ct −
λ

γ
ct−1)−σce

σc−1
1+σl

L̄
1+σl
t (30)

wht = (ct −
λ

γ
ct−1)L̄σlt (31)

ζt = βγ−σceε
b
tRtEt

[
ζt+1

πt+1

]
(32)

1 = Qte
εit

[
1− S

(
itγ

it−1

)
− S′

(
itγ

it−1

)
itγ

it−1

]
+ βγ−σcEt

ζt+1

ζt

[
Qt+1eε

i
t+1S′

(
it+1γ

it

)(
it+1γ

it

)2
]

(33)

Qt = βγ−σcEt
ζt+1

ζt

[
rkt+1Zt+1 − a(Zt+1) +Qt+1(1− δ)

]
(34)

rkt = a′(Zt) (35)
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Model Detrending

Labor Sector

I From equation (19), we get

Et

∞∑
s=0

ξswβ
sγ(1−σc)s ζt+s

ζt
Ll,t+s(η

w
t+s(·)− 1)

[
w̃l,t

∏s
l=1 π

ιw
t+l−1π

1−ιw∏s
l=1 πt+l

−
ηwt+s(

w̃l,t
wt+s

∏s
l=1 π

ιw
t+l−1π

1−ιw∏s
l=1 πt+l

; εpt+s)

ηwt+s(·)− 1
wht+s

 = 0 (36)

I From equation (20), we get

wt = (1−ξw)w̃tH
′−1

[
w̃t
wt
τwt

]
+ξwπ

ιw
t−1π

1−ιwπ−1
t wt−1H

′−1

[
πιwt−1π

1−ιwπ−1
t wt−1

wt
τwt

]
(37)
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Model Detrending

Government

I From equation (6), we get

Rt
R

=

(
Rt−1

R

)ρ [(πt
π

)rπ ( yt
ypt

)ry]1−ρ(
yt/yt−1

ypt /y
p
t−1

)r∆y
eε
r
t (38)
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Model Detrending

Resource Constraint

I From equation (21), we get

ct + it + eε
g
t gyy +

a(Zt)

γ
kt−1 = yt (39)
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Model Steady State

Steady State

I Steady state relationship

p̃ = 1
z = 1
a(1) = 0
q = 1
S(γ) = S′(γ) = 0
S′′(γ) = ϕ
a′(1)
a′′(1) = 1−ψ

ψ

w = w̃
y = yi = (ks)αL1−α − Φ
L = L̄ = Ll
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Model Steady State

Steady State

I Steady state values for log-linearization (r, rk, c/y, i/y, k/y, wL/c)

I r. From equation (32), we get

r =
π

βγ−σc

I rk. From equation (34), we get

rk =
1

βγ−σc
− (1− δ)
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Model Steady State

Steady State

I k/y. From zero-profit conditions for intermediate goods producers
(wLi + rkksi = mc(yi + Φ) = p̃yi), we get

φp ≡
Φ + y

y
=

1

mc
=

ηp

ηp − 1
=

(ks)αL1−α

y

From equation (26), we get

w =

[
αα(1− α)1−α

φp(rk)α

] 1
1−α

From equation (25), we get
ks

L
=

α

1− α
w

rk

From equation (24), we get

ks

y
= φp

(
ks

L

)1−α

From equation (29), we get
k

y
= γ

ks

y
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Model Steady State

Steady State

I i/y. From equation (28), we get

i

y
=
i

k

k

y
= (γ − 1 + δ)

ks

y

I c/y. From equation (39), we get

c

y
= 1− i

y
− gy

I wL/c. From equation (36), we get

wh =
ηw − 1

ηw
w =

w

φw

Then from equation (25)

whL

c
=

w

φw

(
L

ks

)(
ks

y

)(y
c

)
=

1

φw

1− α
α

rk(ks/y)

c/y
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Model Log-Linearization

Log-Linearization

I SW(1). From equation (39), we get

ŷt =
c

y
ĉt +

i

y
ît +

rk

γ

k

y
ẑt + εgt

I SW(2). From equations (30) and (32),

ĉt =

λ
γ

1 + λ
γ

ĉt−1 +
1

1 + λ
γ

Eĉt+1 +
σc − 1

σc

(
1 + λ

γ

) whL
c

(l̂t − El̂t+1)

−
1− λ

γ

σc

(
1 + λ

γ

)(r̂t − Eπ̂t+1 + εbt)

I SW(3). From equation (33), we get

ît =
1

1 + βγ1−σc ît−1 +
βγ1−σc

1 + βγ1−σcEît+1 +
1

(1 + βγ1−σc)γ2ϕ
q̂t + εit
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Model Log-Linearization

Log-Linearization

I SW(4). From equations (34) and (32), we get

q̂t = βγ−σc(1− δ)Eq̂t+1 + βγ−σcrkEr̂kt+1 − (r̂t − Eπ̂t+1 + εbt)

I SW(5). From equations (22) and (24),

ŷt = φp(αk̂
s
t + (1− α)l̂t + εat )

I SW(6). From equation (29), we get

k̂st = k̂t−1 + ẑt

I SW(7). From equation (35), we get

ẑt =
a′(1)

a′′(1)
r̂kt =

1− ψ
ψ

r̂kt

I SW(8). From equation (28), we get

k̂t =
1− δ
γ

k̂t−1 +

(
1− 1− δ

γ

)
ît +

(
1− 1− δ

γ

)
(1 + βγ1−σc)γ2ϕεit
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Model Log-Linearization

Log-Linearization

I SW(9). From equation (26), we get price mark-up

µpt ≡ −m̂ct = α(k̂st − l̂t) + εat − ŵt

I SW(10). From equations (23) and (27), we get

π̂t =
ιp

1 + βγ1−σcιp
π̂t−1 +

βγ1−σc

1 + βγ1−σcιp
Eπ̂t+1

− 1− ξpβγ1−σc

1 + βγ1−σcιp

1− ξp
ξp

1

1 + (φp − 1)εp
µpt + εpt

where εp ≡ ηp′

ηp .

I SW(11). From equation (25), we get

r̂kt = −(k̂st − l̂t) + ŵt
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Model Log-Linearization

Log-Linearization

I SW(12). From equation (31),

µwt ≡ ŵt − ŵht = ŵt −

(
σl l̂t +

1

1− λ
γ

(ĉt −
λ

γ
ĉt−1)

)

I SW(13). From equations (37) and (36),

ŵt =
1

1 + βγ1−σc ŵt−1 +
βγ1−σc

1 + βγ1−σc (Eŵt+1 + Eπ̂t+1)

−1 + βγ1−σcιw
1 + βγ1−σc π̂t +

ιw
1 + βγ1−σc π̂t−1

−1− ξwβγ1−σc

1 + βγ1−σc
1− ξw
ξw

1

1 + (φw − 1)εw
µwt + εwt

where φw ≡ ηw

ηw−1 and εw ≡ ηw′

ηw .
I SW(14). From equation (38), we get

r̂t = ρr̂t−1 + (1− ρ)[rππ̂t + ry(ŷt − ŷpt )] + r∆y[(ŷt − ŷpt )− (ŷt−1 − ŷpt−1)] + εrt
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Model Log-Linearization

Log-Linearization

I 14 equations: SW(1) - SW(14)

I 14 variables: ŷt, ĉt, ît, q̂t, k̂
s
t , k̂t, ẑt, r̂

k
t , µ̂pt , π̂t, µ̂

w
t , ŵt, l̂t, r̂t.
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Estimation

Observable Variables and Exogenous Shocks

Observable Variables(7) Exogenous Shocks(7)

real GDP(log diff) exogenous spending shock(εgt )
real consumption(log diff) risk premium shock(εbt)
real investment(log diff) investment-specific technology shock(εit)
real wage(log diff) wage mark-up shock(εwt )
hours worked(log) total factor productivity shock(εat )
GDP deflator(log diff) price mark-up shock(εpt )
federal fund rate monetary policy shock(εrt )
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Estimation

Measurement Equation

Yt =



dlGDPt
dlCONt

dlINVt
dlWAGt
lHOURSt

dlPt
FEDFUNDSt


=



γ̄
γ̄
γ̄
γ̄
l̄
π̄
r̄


+



ŷt − ŷt−1

ĉt − ĉt−1

ît − ît−1

ŵt − ŵt−1

l̂t
π̂t
r̂t


where l and dl stand for 100 times log and log difference, respectively;
γ̄ = 100(γ − 1) is the common quarterly trend growth rate to real GDP,
consumption, investment and wages; π̄ = 100(π − 1) is the quarterly
steady-state inflation rate; and r̄ = (β−1γσcπ − 1) is the steady-state
nominal interest rate; l̄ is steady-state hours worked, which is normalized
to be equal to zero.
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Estimation

Del Negro and Schorfheide (2008 JME)

Three groups of parameters

I The first group: steady states (ratios, or other long-run measures )

I The second group: endogenous propagation mechanism (taste,
technology, and policy parameters)

I The third group: propagation mechanism of the exogenous shocks
(autocorrelations, standard deviations)
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Estimation

Estimation Strategy

I Fixed parameters (5)
I Depreciation rate δ = 0.025
I Exogenous spending-GDP ratio gy = 0.18
I Steady-state mark-up in the labor market φw = 1.5
I Curvature parameter of Kimball aggregator in the goods market
εp = 10

I Curvature parameter of Kimball aggregator in the labor market εw = 10
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Estimation

Priors and Posteriors (1/2)
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Estimation

Priors and Posteriors (2/2)
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Post-Estimation Analyses
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Post-Estimation Analyses Forecast Performance
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Post-Estimation Analyses Forecast Performance

Forecast Performance (1/2)
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Post-Estimation Analyses Forecast Performance

Forecast Performance (2/2)
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Post-Estimation Analyses Model Sensitivity
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Post-Estimation Analyses Model Sensitivity

Model Sensitivity
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Post-Estimation Analyses Results Analyses
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Post-Estimation Analyses Results Analyses

Variance Decomposition (1/2)
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Post-Estimation Analyses Results Analyses

Variance Decomposition (2/2)
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Post-Estimation Analyses Results Analyses

Historical Decomposition: GDP and Inflation
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Post-Estimation Analyses Results Analyses

IRF: Demand Shocks

Note: Bold solid line: risk premium shock; thin solid line: exogenous spending
shock; dashed line: investment shock.
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Post-Estimation Analyses Results Analyses

IRF: Wage Mark-up Shock

Note: The solid line is the mean impulse response; the dotted lines are the 10
percent and 90 percent posterior intervals.
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Post-Estimation Analyses Results Analyses

IRF: Wage Mark-up Shock

Note: The solid line is the mean impulse response; the dotted lines are the 10
percent and 90 percent posterior intervals.
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Post-Estimation Analyses Results Analyses

IRF: Monetary Policy Shock

Note: The solid line is the mean impulse response; the dotted lines are the 10
percent and 90 percent posterior intervals.
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Post-Estimation Analyses Results Analyses

IRF: TFP Shock

Note: The solid lines represent the estimated actual mean responses and the 10
percent and 90 percent posterior interval; the dashed lines represent the
counterfactual flexible- wage-and-price responses.
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Post-Estimation Analyses Subsample Estimates
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Post-Estimation Analyses Subsample Estimates

Subsample Estimates: the “Great Inflation” vs the “Great
Moderation”
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Conclusion

Main Take-aways (1/2)

I Apply New Keynesian model to explain main features of the US
macro data: real GDP, hours worked, consumption, investment, real
wages, prices, and the short-term nominal interest rate.

I Analyze the roles of frictions
I Price and wage stickiness are found to be equally important.
I Indexation is relatively unimportant in both goods and labor markets.
I The most important are the investment adjustment costs.
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Conclusion

Main Take-aways (2/2)

I Analyze the roles of shocks
I While “demand” shocks such as the risk premium, exogenous spending,

and investment-specific technology shocks explain a significant fraction
of the short-run forecast variance in output, both wage mark-up (or
labor supply) and, to a lesser extent, productivity shocks explain most
of its variation in the medium to long run.

I Productivity shocks have a significant short-run negative impact on
hours worked.

I Inflation developments are mostly driven by the price mark-up shocks
in the short run and the wage mark-up shocks in the long run.

I The “Great Inflation” vs the “Great Moderation”: most of the
structural parameters are stable over those two periods. The biggest
difference concerns the variances of the structural shocks.

Smets & Wouters Bayesian DSGE 64 / 64


	Introduction
	Estimation
	Conclusion



